In this work two systems are analyzed within the framework of the relativistic Boltzmann equation. One of them refers to a description of binary mixtures of electrons and protons and of electrons and photons subjected to external electromagnetic fields in special relativity. In this case the Fourier and Ohm laws are derived and the corresponding transport coefficients are obtained. In the other a relativistic gas under the influence of the Schwarzschild metric is studied. It is shown that the heat flux in Fourier's law in the presence of gravitational fields has three contributions, the usual dependence on the temperature gradient, and two relativistic contributions, one of them associated with an acceleration and another to a gravitational potential gradient. Furthermore it is shown that the transport coefficient of thermal conductivity decreases in the presence of a gravitational field. The dependence of the temperature field in the presence of a gravitational potential is also discussed.
Introduction
The determination of the laws of Navier-Stokes, Fourier, Fick and Ohm from a non-relativistic kinetic theory based on the Boltzmann equation is an old subject in the literature dating back the begin of the last century. The relativistic version of the Navier-Stokes and Fourier laws from the Boltzmann equation were obtained later by Israel [1] and Kelly [2] in the sixties of last century. Relativistic gases are important to describe several astrophysical and cosmological problems like white dwarfs and neutron stars, particle production in the early universe, galaxy formation, controlled thermonuclear fusion, etc.
The aim of this work is to present the Boltzmann equations which describe a gas under the influence of a gravitational field and a mixture of gases in the absence of gravitational fields but subjected to electromagnetic fields. Two system are analyzed, the first one consists in binary mixtures of electrons and protons and of electrons and photons subjected to external electromagnetic fields where the Fourier and Ohm laws are derived. The second one refers to the determination of Fourier's law for a relativistic gas under the influence of a spherically symmetrical non-rotating and uncharged source of the gravitational field described by the Schwarzschild metric.
The work is structured as follows. In Section 2 the Boltzmann equations are introduced and in Section 3 binary mixtures of electrons and protons and of electrons and photons subjected to external electromagnetic fields are analyzed. The relativistic gas under the influence the Schwarzschild metric is the subject of Section 4, and in the last section the main conclusions of this work are stated.
Boltzmann equations
As in the non-relativistic case, the relativistic Boltzmann equation describes the evolution of the oneparticle distribution function of an ideal gas in the phase space spanned by the space-time coordinates (x µ ) = (x 0 = ct, x) and momentum four-vectors (p µ ) = (p 0 , p) of the particles. Due to the mass-shell condition p 0 = g 00 m 2 c 2 + (g 0i g 0j − g 00 g ij ) p i p j and p 0 = (p 0 − g 0i p i )/g 00 , where g µν are the components of the metric tensor, the one-particle distribution function depends only on (x, p, t) and is defined in such a way that f (x, p, t)d 3 xd 3 p gives at time t the number of particles in the volume element d 3 xd 3 p. For a single gas the Boltzmann equation reads (see e.g. [3] )
where Q denotes the collision term, which depends on the product of the distribution functions of two particles at collision. Furthermore, Γ i µν are Christofell symbols, since we are interested in gases in the presence of gravitational fields. In the absence of it the Christofell symbols vanishes and (1) reduces to the Boltzmann equation in a Minkowski space (special relativity).
For a mixture of ideal gases of r constituents in the absence of gravitational fields but subjected to electromagnetic fields, the Boltzmannn equation for the a−component reads (see e.g. [3] )
where f a ≡ f (x, p a , t) denotes the one-particle distribution function of the a−component, q a the particle's charge and F µν the electromagnetic field tensor. The collision term Q a represents the collisions of the a−particles with all particles of the other constituents.
For simplicity we shall use in this work model equations for the Boltzmann equations, which replace the collision terms by simpler expressions. In kinetic theory of relativistic gases two model equations are used, one of them was proposed by Marle [4, 5] and another by Anderson and Witting [6] .
Relativistic ionized gases
In this section we follow [7] and analyze binary mixtures of electrons and protons and of electrons and photons subjected to external electromagnetic fields within the framework of Anderson and Witting model equation. These two systems are important in astrophysics since they could describe magnetic white dwarfs or cosmological fluids in the plasma period and in the radiation dominated period.
Basic fields
In kinetic theory the macroscopic description of gas mixtures can be represented the two first moments of the distribution function, namely, the partial particle four-flow N α a and the partial energy-momentum tensor T αβ a , which are defined by
The particle four-flow and the energy-momentum tensor of the mixture are given by the sums N µ = a N µ a and T µν = a T µν a . It is usual to introduce the four-velocity U µ (such that U µ U µ = c 2 ) and the projector ∆ µν = g µν − 1 c 2 U µ U ν and decompose the particle four-flows and the energy-momentum tensors as
In the above decompositions -known as Landau and Lifshitz decomposition [8] -we have not taken into account two terms that appear in the energy-momentum tensors (6) and (7), namely, the traceless part of the viscous pressure tensor and the non-equilibrium pressure, since we are only interested in deriving the laws of Fourier and Ohm. Above we have introduced the following quantities for the constituent a in the mixture: particle number density n a , diffusion flux J α a , hydrostatic pressure p a , heat flux q α a , energy per particle e a and enthalpy per particle h a = e a + p a /n a . The corresponding quantities for the mixture are given by the sums
Furthermore, the diffusion fluxes are constraint by the sum a J µ a = 0. The electromagnetic field tensor is decomposed as (see e.g [9] )
where E µ is identified with the electrical field and B µν with the magnetic flux induction. They are given by the following projections of the electromagnetic field tensor
The electric current four-vector I µ is defined in terms of the partial diffusion fluxes J µ a and of the partial electric charges q a as
The non-equilibrium distribution function
For the derivation of the laws of Fourier and Ohm for a binary mixture of electrons and protons and of electrons and photons, some simplifications of the model must be made, namely, (a) for a mixture of protons (a = p) and electrons (a = e), the ratio of the rest masses is m p /m e ≈ 1836. This condition defines a Lorentzian plasma (see e. g. [10] ), where the collisions between the electrons may be neglected in comparison with the collisions between the electrons and protons. The electric charges are given by q e = −q p = −e, where e denotes the elementary charge, and if we consider a locally neutral system where q e n e + q p n p = 0 we have that n e = n p . Due to the relationship between the diffusion fluxes J µ e = −J µ p , the electric current four-vector (12) reads
(b) for a binary mixture of electrons (a = e) and photons (a = γ) the collisions between electrons can also be neglected in comparison to the the Compton scattering, which refers to the collisions between electrons and photons. In this case the electric current four-vector (12), reduces to
since the electric charge of the photons is zero (q γ = 0); (c) the heat flux of the mixture (11) 1 reduces to
due to the fact that the partial heat fluxes of the protons and of the photons are negligible in comparison with the partial heat flux of the electrons.
The Anderson and Witting model of the Boltzmann equation (2) for electrons that follow the above simplifications reads
Here τ ep and τ eγ are the mean free time between collisions of electrons-protons or electrons-photons, respectively, and f (0) e is the equilibrium distribution function for the electrons. The electrons obey the Fermi-Dirac statistics so that the equilibrium distribution function reads (see e.g. [3] )
where h denotes Planck's constant, k Boltzmann's constant, T the temperature of the mixture, µ e the chemical potential of the electrons and the factor 2 refers to the degeneracy factor of the electrons. From the knowledge of the equilibrium distribution function of the electrons it is possible to determine the values of particle number density n e , energy per particle e e and pressure p e of the electrons, yielding
In the above equations J nm (ζ e , µ ⋆ e ) denotes to the integral
where µ ⋆ e = µ e /kT represents the electron chemical potential in units of kT and ζ e = m e c 2 /kT is the ratio between the electron rest energy m e c 2 and the thermal energy of the gas kT . For ζ e ≫ 1 the electrons behave as non-relativistic, and for ζ e ≪ 1 they behave as ultra-relativistic.
For the determination of the non-equilibrium distribution function for the electrons from the Boltzmann equation (16) we adopt the Chapman-Enskog method and search for a solution of the form f e = f (0) e + φ e , where the deviation from the equilibrium distribution function is considered to be a small quantity, i.e., |φ e | < 1. By inserting the representation f e = f (0) e + φ e into (16) and performing the derivatives we get
Here we have not taken into account the terms ∂φ e /∂x α and E α ∂φ e /∂p α e , since our aim is to derive linear constitutive equations with first order gradients and electric field. Moreover, it was introduced the differential operators D ≡ U α ∂ α and ∇ α ≡ ∆ αβ ∂ β and the electron cyclotron frequency ω e = eB/m e , with B denoting the modulus of the magnetic flux induction.
Since the aim of this work is to derive Fourier and Ohm laws, we fix our attention to the thermodynamic forces that appear in the deviation from the equilibrium distribution function which are the four-vectors:
The first one is a combination of a temperature gradient and an acceleration term and the second one refers to a combination of an external electric field and a gradient of the chemical potential of the electrons. Hence, up to terms in (ω e τ eb /B) 2 we obtain from (22) that the deviation from the distribution function reads
Once we know the deviation from the equilibrium distribution function (25) we proceed to obtain the laws of Ohm and Fourier.
Fourier and Ohm laws
The diffusion flux J µ e and the heat flux q µ e of the electrons follows from the projections of (3) and (4) by using the decompositions (5) - (7), namely,
If we insert the distribution function of the electrons in (26) and (27) and integrate the resulting equations it follows a system of equations for J µ e and q µ e which is used to determine the heat flux of the mixture (15) and the electric current four-vector of the mixture of electrons and protons (13) or of the mixture of electrons and photons (14) . The laws of Fourier and Ohm are written respectively as
We may identify the tensors Λ µν with the thermal conductivity, σ µν with the electrical conductivity, while Υ µν and Ω µν with cross effects. We may represent the general expressions for the above mentioned tensors as 
where the scalar coefficients a 1 through d 3 are expressed in terms of the integrals (21). The true thermal conductivity tensor λ µν is obtained by assuming that there is no electric current. In this case we eliminate E µ from (28) through the use of (29) and write Fourier law as
It is usual in the theory of ionized gases to decompose the thermodynamic forces ∇ µ T and E µ into parts parallel ( ), perpendicular (⊥) and transverse (t) to the magnetic flux induction as follows
where B µν = ǫ µνστ B στ /2 is the dual of the magnetic flux induction tensor B µν . In a local Lorentz rest frame these decompositions become
From the above equations it is easy to verify that ∇ i T , E i are parallel to the magnetic flux induction
t are perpendicular to the parallel and perpendicular decompositions.
In terms of these decompositions the electric current four-vector and the heat flux can be written, without the cross-effects terms, respectively as
Here the scalars are called the parallel, perpendicular and transverse components of the tensors of thermal and electrical conductivity.
Thermal and electrical conductivities

Non-degenerate electrons
Here we shall analyze two cases: (a) a non-relativistic mixture of protons and non-degenerate electrons and (b) an ultra-relativistic mixture of non-degenerate electrons and photons. For non-degenerate electrons the chemical potential must fulfill the condition that e −µ ⋆ e ≫ 1.
(a) Two conditions define a non-relativistic mixture of electrons and protons, namely, m p /m e ≫ 1 and ζ e = m e c 2 /(kT ) ≫ 1. For this case the transport coefficients become
Without the relativistic corrections given by 1/ζ e , the thermal and electrical conductivities reduce to the coefficients of non-degenerate and non-relativistic ionized gases, namely,
by considering the condition ω e τ ep < 1.
(b) An ultra-relativistic mixture of non-degenerate electrons and photons is characterized by the condition ζ e = m e c 2 /(kT ) ≪ 1. Here the transport coefficients reduce to
Hence the parallel and perpendicular electrical and thermal conductivities coincide, while the transverse electrical and thermal conductivities are small quantities since they are proportional to ζ e .
Completely degenerate electrons
In the limiting case of completely degenerate electrons all thermal conductivities vanish. This behavior is connected with the well-known result from statistical mechanics that the heat capacity of a completely degenerate gas vanishes. There exist three cases to be analyzed which are: (a) a non-relativistic mixture of protons and completely degenerate electrons; (b) an ultra-relativistic mixture of completely degenerate electrons and photons and (c) a mixture of non-relativistic protons and ultra-relativistic completely degenerate electrons. We proceed to analyze the electrical conductivities for these cases.
(a) A non-relativistic mixture of protons and completely degenerate electrons is identified by ζ e ≫ 1 and p F ≪ m e c, where p F denotes the Fermi momentum of the electrons. Here we have
which show the dependence of the transverse and perpendicular electrical conductivities on the magnetic flux induction B through the electron cyclotron frequency ω e .
(b) An ultra-relativistic mixture of completely degenerate electrons and photons is characterized by the conditions ζ e ≪ 1 and p F ≫ m e c, and the electrical conductivities for this case read
Here the parallel and perpendicular electrical conductivities are equal to each other, while the transverse electrical conductivity is a small quantity since it is proportional to m e c/p F .
(c) A mixture of non-relativistic protons and ultra-relativistic completely degenerate electrons is also an important case, since it could describe a white dwarf star. Here the conditions m p /m e ≫ 1 and p F ≫ m e c hold and the electrical conductivities become
showing that the parallel and perpendicular conductivities coincide and that the transverse conductivity is a small quantity, since it is proportional to m e c/p F .
Relativistic gas in a gravitational field
In this section we are interested in the analysis of a relativistic gas in the presence of a gravitational field. We follow [11] and consider that the gas is not the source of the gravitational field but is under the influence of a Schwarzschild metric, which is the solution of Einstein's field equation for a spherically symmetrical non-rotating and uncharged source of the gravitational field.
Basic equations
one to the gravitational potential gradient. The relativistic term proportional to the acceleration was proposed first by Eckart [13] within an irreversible thermodynamic theory and is interpreted as an isothermal heat flux when matter is accelerated. The second relativistic term points out that in the absence of an acceleration, the heat flux in the presence of a gravitational field vanishes if the temperature gradient is counterbalanced by a gravitational potential gradient. This condition reduces to Tolman's law [14, 15] , namely,
where g is the gravity field.
The coefficient of thermal conductivity (68) has also a remarkable behavior in the presence of a gravitational field, because it decreases with the increase of the gravitational potential through the ratio |Φ|/c 2 . In the limiting case of weak gravitational potential |Φ|/c 2 ≪ 1 we have
2. ultra-relativistic limit ζ ≪ 1
4.5 Dependence of the temperature and particle number density on the gravitational potential
Let us consider a gas in the presence of the gravitational field in the absence of heat flux and acceleration field. Due to the spherical symmetry the fields of temperature, gravitational potential and particle number density depend only on the radial coordinate, i.e., T = T (r), Φ = Φ(r) and n = n(r). By taking into account the above considerations it follows from (67) that the temperature field in a gravitational field must fulfill the differential equation
The solution of the above differential equation for the boundary condition T = T (R) and Φ = Φ(R) at r = R -where R is the radius of the spherical source -is
which is a decreasing function of r for r > R. In a weak gravitational field where |Φ(R)|/c 2 is a small quantity (72) can be expressed as
In general for stellar objects that are not too compacts the ratios |Φ(R)|/c 2 evaluated at their surfaces are small as can be seen from Table 1 .
Let us analyze the balance momentum equation (62) in order to estimate the dependence of the particle number density with the radial coordinate. Without the acceleration term, by taking into account (71) and considering the equation of state p = nkT , it becomes 1 n(r) dn(r) dr = mc 2 kT (r) For a non-relativistic gas the ratio K 3 (mc 2 /kT (r))/K 2 (mc 2 /kT (r)) ≈ 1 and the solution of the differential equation (74) 
which is a decreasing function of r for r > R. Note that this solution is valid only if the product (|Φ(R)|/c 2 )(mc 2 /kT (R)) ≪ 1. The solution of the differential equation (74) for an ultra-relativistic gas is given by n(r) n(R) = T (r) T (R)
since in this case the ratio K 3 (mc 2 /kT (r))/K 2 (mc 2 /kT (r)) ≈ 4kT (r)/mc 2 . For a weak gravitational field |Φ(R)|/c 2 ≪ 1 the above equation can be approximated by n(r) n(R) = 1 − 3 |Φ(R)| c 2 1 − R r + . . . ,
showing a more accentuated decreasing with r when compared with the one of the temperature field (73).
Conclusions
In this work we derived constitutive equations for relativistic gases within the framework of Boltzmann equation. Two systems were analyzed. In the first one the Fourier and Ohm laws for binary mixtures of electrons and protons and of electrons and photons subjected to external electromagnetic fields in special relativity were derived. Explicit expressions for the thermal and electrical conductivities were given in the cases of binary mixtures of degenerate and non-degenerate electrons with non-degenerate protons and with photons. The other system consisted of a relativistic gas under the influence of a spherically symmetrical non-rotating and uncharged source of the gravitational field described by the Schwarzschild metric. Here Fourier's law was derived and it was shown that the transport coefficient of thermal conductivity decreases in the presence of a gravitational field and that the heat flux has three contributions, the usual dependence on the temperature gradient, and two relativistic contributions, one of them associated with an acceleration and another to a gravitational potential gradient. Furthermore, the dependence of the temperature field in the presence of a gravitational potential was discussed.
